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Evaluation of Algebraic Turbulence Models
for PNS Predictions of Supersonic Flow Past a Sphere-Cone

Siamack A. Shirazi* and C. Randall Trumant
University of New Mexico, Albuquerque, New Mexico

The Cebeci-Smith and Baldw in-Lomax turbulence models were evaluated for supersonic and hypersonic flow
past sphere-cones. Parabolized Navier-Stokes (PNS) predictions were compared with measurements for adia-
batic flow at Mach 3 and for cold-wall flow at Mach 5 and 8. Convergence of the numerical simulations to within
1% was ensured by carefully refining the grid spacings and using minimal smoothing. The normal grid spacing
near the wall was required to be much smaller than usually accepted values and many grid points were needed
in the boundary layer to minimize the effects of even small smoothing. Both turbulence models required careful
definition of the boundary-layer thickness in computing the outer eddy viscosity to obtain accurate predictions
of surface shear stress and heat transfer. These algebraic models, which produce similar results for subsonic and
transonic flows, showed significant differences in these supersonic and hypersonic flows. The sources of these
differences were determined to be the forms of near-wall damping, the outer eddy-viscosity formulations, and
the effects of outer-layer intermittency.

Nomenclature
#00 = freestream speed of sound
D,D = van Driest damping, Eqs. (4) and (10)
F = dimensionless "vorticity function" in Baldwin-

Lomax model, Eq. (13)
H = dimensionless total enthalpy, ///K«
K = dimensionless thermal conductivity, K/K^ Eq. (2)
Ke = dimensionless effective conductivity, Ke/K«^ Eq. (2)
L = characteristic or reference length
Moo = freestream Mach number, V^/a^
N = dimensionless normal distance from the surface, N/L
N+ - dimensionless wall coordinate, Re£pw(Tw/pw)1/2N/iJLw
p = dimensionless pressure, p/p^V2^
Pr = Prandtl number
Ren = freestream Reynolds number, p^V^L/fL^
Rn = nose radius of sphere
5^ = Stanton number based on freestream conditions, Eq.

(17)
T = dimensionless temperature, 777^
u, v, w - dimensionless velocity components in the Cartesian

coordinates, u/V^ v/V^ w/V^
V = dimensionless total velocity, («2 + v2 + w2)1/2

VT = dimensionless component of total velocity tangential
to surface (including crossflow), VT/Vv>

x,y,z = dimensionless physical Cartesian coordinates, x/L,
y/L, z/L

a. = angle of attack
7,7 = Klebanoff intermittency factor, Eqs. (7) and (14)
5 = dimensionless boundary-layer thickness, 5/L
d* = dimensionless kinematic, or "incompressible," dis-

placement thickness, Eq. (6)
Oc - cone half-angle
K = von Karman constant, Eq. (3)
IJL = dimensionless coefficient of viscosity, /I//}*,, Eq. (1)
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He = dimensionless effective viscosity, /Ie/£oo, Eq. (1)
£,^,f = dimensionless computational coordinates in the

stream wise (axial), radial (normal), and circumferen-
tial directions

p = dimensionless density, p/po,
TW = dimensionless wall shear stress, r^/^^V^/L)
<j> = meridian angle, = 0 deg windward, 180 deg leeward
| o> | = dimensionless magnitude of vorticity vector, |«|/

(VJL)

Subscripts and Superscripts
oo = freestream value
e = edge of boundary layer
/ = inner region of boundary layer
max = location of maximum in F(N)
o = outer region of boundary layer
t = turbulent
w = wall value
(~ ) = dimensional quantity

Introduction

I N recent years, the development of efficient numerical al-
gorithms has made possible the computation of complex

turbulent flowfields about aerodynamic bodies. The parabo-
lized Navier-Stokes (PNS) method1 used herein is an example
of such numerical algorithms for high-speed flows. Turbu-
lence models employed for compressible flows have been
based on those developed for incompressible flows. Models
used to predict supersonic and hypersonic flows include alge-
braic, one-equation,2 and two-equation models.3"5 Algebraic
turbulence models are attractive since the required storage
space and computational time are significantly less than these
using more sophisticated turbulence models. Moreover, no
significant improvement may result from using a two-equation
model for attached flows.3'5

Two algebraic models were evaluated in the present study.
The model developed by Cebeci and Smith6 has been extended
to compressible and three-dimensional boundary layers.7 This
model has been used in boundary-layer,8'9 viscous shock-
layer,10 and Navier-Stokes4'5'11 predictions. The difficulty in
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defining the edge of the boundary layer led to the development
of an algebraic model by Baldwin and Lomax,12 which was
patterned after that of Cebeci and Smith. This model has been
widely used for the calculation of turbulent flow in PNS3'13"17

and Navier-Stokes4'5'18'19 algorithms. Other mixing length
models have been used in boundary-layer3'8 and PNS2 predic-
tions, but were not included in this study.

The impetus of the present work was the need to predict
turbulent flow at supersonic and hypersonic speeds past slen-
der bodies at angle of attack. A number of predictions of flows
past sharp bodies, such as cone and ogive shapes, have been
made. The majority of these boundary-layer,8'13 PNS,3'13'16'20

and Navier-Stokes5'19'21 analyses used the Baldwin-Lomax tur-
bulence model. Relatively few predictions of heat transfer for
flow past spherically blunted bodies are available. The
boundary-layer predictions of Widhopf and Hall9 at Mx = 5
for a sphere-cone employed the Cebeci-Smith model, as did the
viscous shock-layer prediction by Szema and Lewis10 for
sphere-cones at M^ = 4-20. Helliwell et al.2 used the two-layer
mixing length in a PNS code to compute flow past a bicone at
MX = 8. McWherter et al.17 employed a PNS model with the
Baldwin-Lomax turbulence model to compute pressure distri-
butions, forces, and moments for sphere-cones from
Moo = 6-14.

The present work is a numerical study of turbulent flow over
sphere-cones at Mach 3-8, as listed in Table 1. This body
geometry was chosen since direct comparisons between the
turbulent predictions and measurements could be made. Be-
cause turbulence models ultimately rely on empirical informa-
tion, their performance must be evaluated by comparing accu-
rate numerical solutions to high-quality data bases. The
quality of the present predictions was ensured through grid
refinements in the marching, circumferential, and normal
directions, with the effect of smoothing carefully mini-
mized. The data used for comparison herein includes laser-
Doppler velocimeter (LDV) measurements22 of velocity pro-
files, Preston-probe data for wall shear stress22 and surface
heat-transfer9'23 data. Predictions of wall shear stress and heat
transfer are believed to be good indicators of the performance
of the turbulence model.

Numerical Solution
Since the PNS equations are parabolized in the streamwise

direction, an efficient marching solution method can be used.
The generalized-coordinate PNS code used in this study is a
version developed by Tannehill et al.,1 which is similar to the
AFWAL PNS code24; the main differences are due to the
inclusion of the circumferential viscous terms, the treatment of
the pressure term in the subsonic region, and the arbitrary
orientation of the (r/,f) plane in the Tannehill version. The
PNS algorithm is first-order accurate in the marching direction
£ and second-order accurate in the 77 and f coordinates. An
explicit shock-fitting procedure was used to obtain the outer
boundary (bow shock) in each marching step. Boundary con-
ditions at the boundary surface were applied in an approxi-
mate implicit fashion and used first-order-accurate approxi-
mations to normal derivatives. The original code1 used second-
order-accurate differences to update these boundary condi-
tions before taking the next marching step; however, the
marching step size was restricted to be extremely small as the
normal grid spacing was reduced. A significant imprvement in
stability with respect to marching step size was achieved by
using first-order-accurate differences in the "update" proce-
dure to be consistent with those used in the original approxi-
mate-implicit boundary conditions.25

The Vigneron approximation to the streamwise pressure
gradient in the subsonic region of the turbulent boundary layer
was employed to permit stable marching of the PNS al-
gorithm.13 Even though this approach retains only as much of
the streamwise pressure gradient as an eigenvalue stability
analysis permits, it sometimes caused solutions to be unstable
in the initial marching steps. The Tannehill code1 takes the

Table 1 Freestream conditions and sphere-cone geometry
_________for the experimental data considered

Bc, Rn, a, Reoo/L, f^, P<x>, Tw,
Case Ref. deg in. Af«> deg per ft °R lb/in.2 °R

la
Ib
2
3a
3b

22
22
9
23
23

7
7
9
7
7

0.65
0.65
2.5
0.5
0.5

3
3
5
8
8

0
4
0
0

10

2.14xl06a

2.14X
18.3
3.7
3.7

X
X
X

106a

106

106

106

203
203
133
98
98

0.40 (Adiabatic)
0.40 (Adiabatic)
1.07
0.083a

0.083a

185
540
540

Calculated from other freestream conditions given in table.

pressure gradient to be zero in the first few marching steps to
overcome this instability. For the results herein, the pressure
gradient was neglected for up to 10 marching steps (as denoted
in Table 2) to enhance the stability in the development of the
flow from the starting solution to the PNS marching solution.
Although large oscillations still occurred in the first few
marching steps, the effect on the solution far downstream of
the start is much less than 1%. The exception is case 2, where
the pressure gradient was neglected in only three steps. Since
the body length is only about six times the nose radius, the
influence of neglecting the pressure gradient in the first few
marching steps was as large as 1% at the end of the body.

The algebraic turbulence models that were implemented in
the implicit, noniterative algorithm employed two upstream
planes to compute the metrics and Jacobians of the transfor-
mation. Thus, the PNS algorithm requires two initial-solution
planes for which the inviscid region of the flowfield is super-
sonic. The starting-solution planes for the present study were
provided by a blunt-body (thin-layer Navier-Stokes)26 solution
for flow over a sphere. A preprocessor program17 was used to
rotate the blunt-body solution to the correct angle of attack for
the sphere-cone, to match the spherical nose and conical after-
body, and to interpolate to obtain the two initial planes. Tur-
bulent flow calculations were started from the sphere-cone
tangency point using these planes.

Explicit fourth-order and implicit second-order smoothing
terms are used in the Tannehill PNS code to damp oscillations
associated with the numerical algorithm.1 Small values of the
explicit smoothing parameter were used when necessary; no
implicit smoothing was necessary. Values of the smoothing
parameters for each case are listed in Table 2. The explicit
smoothing was chosen as the minimum value that removed
oscillations evident in the distributions of pressure and cross-
flow velocity in the normal direction. Solutions that used
smaller values eventually developed streamwise oscillations in
wall shear stress and heat transfer. The effects of larger explicit
smoothing were also studied using values from four to eight
times larger. These solutions differed by less than 1% if the
normal grid spacing was sufficiently small; in general, this
required 89 grid points. The explicit smoothing should damp
any oscillations that might appear in regions where viscous
damping is small. With coarse grid spacing, however, the
smoothing had a significant effect on the predictions of wall
shear stress and heat transfer. Clearly, the truncation error in
the smoothing term must be minimized as well.

For the present numerical results, the computational planes
were chosen to be normal to the body axis £. The 17 (radial)
lines were generated using straight-line rays emanating from
the body that were uniformly distributed in the f (circumferen-
tial) direction from </> = 0 deg (windward) to <£ = 180 deg (lee-
ward). Radial grid points were clustered near the wall accord-
ing to a stretching parameter J3.1 The clustering was applied to
the radial grid spacing normalized by the local shock-standoff
distance and held fixed in the circumferential direction and
through the marching steps. Thus, the normal grid spacing
increased as shock-standoff distance increased in the marching
direction. The step size in the marching direction was taken to
have geometric growth according to A^ = fcA£n_.i. Nonuni-
form spacing was used for cases that required a small marching
step size near the start. Values of all parameters describing the
grid spacings are listed in Table 2.
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Table 2 Input parameters for PNS predictions

Case
la
Ib
2
3a
3b

Initial £, in.
0.573
0.573
2.109
0.439
0.439

Final £, in.
15.555
15.555
13.434
35.0
35.0

£ steps
2000
2000

500
2000
2000

A£i, in.
7.49X10"3

2.07 XlO" 3

2.26xlO~3

1.29X10"3

1.29X10-3

ka 17 grid points j8 f grid points en0

1
1.0011

1
1.002
1.002

89
89
89
89
89

1.001
1.001
1.00005
1.001
1.002

5
47

5
5

47

0.0045
0.0045
0.0069
0.0035
0.0035

; steps with
d/?/d£ = 0

10
10
3

10
10

Note: £ = streamwise along body axis, 17 = normal to body axis, f = circumferential.
aA£n = kA%n_i. beE = explicit smoothing parameter1; no implicit smoothing.

The accuracy of the numerical solutions was carefully
demonstrated for each case with each turbulence model by
independently refining the grid in the marching, circumferen-
tial, and normal directions. The procedure used to determine
the rate of convergence is described by Keller27 and Blottner.28

Successive grid refinement coupled with Richardson extrapola-
tion was used to perform an "extrapolation to zero mesh-
width."27 The truncation error in each prediction was com-
puted by comparing it to the "exact" (extrapolated) value. The
quantities examined included wall pressure and either shear
stress or heat transfer at the surface.

Figure 1 shows the results for refining the normal grid spac-
ing for case 2 (described below). The predictions used to com-
pute the error all used the same marching and circumferential
grid spacings, smoothing, and normal grid stretching parame-
ter j8. Each prediction was compared to a value formed by
extrapolating from the 89- and 177-grid-point solutions to the
"exact" (Arj—O) solution.27 The predictions employing each
turbulence model demonstrate second-order accuracy with re-
spect to the normal grid spacing, although coarse-grid solu-
tions deviate from the theoretical behavior. The fact that the
error in the predictions using one turbulence model was larger
than the error using the other model is not significant since the
order was reversed for other cases. Values of TV + nearest the
wall for each grid spacing are shown on Fig. 1. This case
requires approximately 89 grid points distributed such that
TV + near the wall is one or less to reduce the truncation error
due to normal grid spacing to about 1 %. Smaller grid spacings
were required for other cases, as discussed below.

These convergence studies were successful only when very
fine normal grid spacing was used as the marching grid spacing
was varied. Moreover, the normal gradients of velocity and
temperature needed to obtain wall shear stress and heat trans-
fer were in significant error at the coarse-grid spacings if com-
puted using the transformed coordinates. It was discovered
that the truncation error in the velocity or temperature values
from which the gradients were computed was compounded by
truncation error in certain terms in the metrics and Jacobians
of the transformation. The convergence studies therefore were
made with normal gradients computed using physical coordi-
nates. It was also demonstrated that as the normal grid spacing
was refined, the difference between the normal gradients com-
puted by these two methods vanished.

The results presented herein used grid spacings for which the
truncation error with respect to grid spacing in each direction
was estimated to be less than 1%. These stringent accuracy
requirements are necessary for a careful evaluation of turbu-
lence models in which the cumulative errors due to normal,
streamwise, and circumferential grid spacings as well as
smoothing must be minimized. Moreover, streamwise grid
spacings that were much smaller than required by grid refine-
ment studies were employed to reduce oscillations near the
start and allow the use of smaller smoothing parameters.

Turbulence Models
The dimensionless effective viscosity and thermal conductiv-

ity are defined as

and

Ke = K (2)

where \it is the dimensionless turbulent viscosity and the dy-
namic viscosity /* is obtained from Sutherland's law.6 The
turbulent Prandtl number Prt was assumed6 to be 0.9. The
turbulent viscosity coefficient /*, was obtained using the two-
layer eddy-viscosity models of Cebeci and Smith6 (CS) and
Baldwin and Lomax12 (BL). These two algebraic models are
quite similar; they differ primarily in the choice of length and
velocity scales in the outer layer. The outer formulation of the
BL model is based upon the distribution of vorticity rather
than velocity as in the CS model.

Cebeci-Smith Turbulence Model
The algebraic model extended to three-dimensional and

compressible flows by Cebeci et al.7 was used in this study. The
CS inner formulation is given by the Prandtl-van Driest rela-
tion

dV7

dN (3)

where TV is the local distance measured normal to the body
surface and K = 0.4 is the von Karman constant. The tangential
component of dimensionless total velocity VT includes a cross-
flow contribution. In the van Driest damping

D = 1 - exp 26 (4)

;(N+=4.3)

1.0

( N + = 0 . 4 2 )

= l*>t (1)

10 20 100 200 1000
Number of normal grid points

Fig. 1 Percent error in wall heat transfer rate vs number of normal
grid points at Moo = 5, a = 0 deg, Jc = 13.4 in. (case 2). (TV + denotes
value nearest the wall.)
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the factor (p/pw)l/2(^w/fji) accounts for compressibility in the
inner region of the viscous layer. Similar forms of D have been
used in several studies of supersonic and hypersonic
flows.8'11'29 This factor can be approximated by (TW/T)2, by
using the Sutherland expression for viscosity and the ideal-gas
relation. This form illustrates the effect of changes in temper-
ature near the wall upon the damping. When the temperature
exceeds the wall temperature, the van Driest damping extends
to larger values ofN+. Conversely, for a fixed value of N+ the
damping D will be smaller for T > Tw. The effect upon the
predictions can be significant depending on the temperature
distribution near the wall.

The outer layer in the CS model is described by the Clauser-
Klebanoff formulation

(5)

where (VT)e is evaluated at the edge of the boundary layer 6.
The determination of the boundary-layer edge is discussed in
a later section. The kinematic or "incompressible" displace-
ment thickness 6* was obtained from the expression6 for
axisymmetric flow past a body of radius rb

(u/ue)r dr

where

r = + z2)1

(6a)

(6b)

and ue is the velocity in the x direction evaluated at 6. This
displacement thickness is measured in a direction normal to the
body axis; the small correction to yield a distance normal to
the body surface was neglected. The Klebanoff intermittency
factor

.J
|_1 + 5.5(7V/6)6 (7)

models the decrease in eddy viscosity near the edge of the
boundary layer. The turbulent viscosity coefficient in Eqs. (1)
and (2) was obtained by

(8)

where Nc is the smallest value of N where QA,)/ = (jjLt)o-

Baldwin-Lomax Turbulence Model
The other algebraic turbulence model used in this study is

due to Baldwin and Lomax12 (BL). The inner formulation,
which is similar to Eq. (3), is

(9)

where |o>| is the magnitude of the local vorticity vector. The
magnitude of the vorticity is very similar to the normal gradi-
ent of the tangential velocity used in the CS model; they are
identical under a thin-shear-layer assumption. The van Driest
damping in Eq. (9) is

D= 1 -exp(-7V+/26) (10)

The van Driest damping in Eqs. (4) and (10) is identical for
isothermal, incompressible flow.

The outer formulation of the BL model replaces the Clauser
formulation used in the CS model by

where Ccp = 1.6 is an additional constant introduced by Bald-
win and Lomax.12 For attached shear flows,

••wake == - (12)

The quantities Afmax and Fmax correspond to the values at the
location of the maximum value in the "vorticity function"

(13)

within the boundary-layer region, where D is given by Eq. (10).
Quadratic interpolation was used to determine Fmax and 7Vmax
from the discrete F(N) and N distributions. It was found to be
necessary to limit the search for Fmax to the boundary-layer
region. This criterion for choosing the maximum value of
F(N) will be discussed in more detail with the results. The
Klebanoff intermittency factor is given by

(14)

where CKieb = 0-3. The constants Ccp and CKieb were deter-
mined by the calibration for transonic flat plates described by
Baldwin and Lomax.12 The ratio Nmax/CK\eb replaces d used in
the Klebanoff intermittency factor given by Eq. (7). This quan-
tity represents a boundary-layer thickness, nonetheless, and
must be carefully studied. Thus, the boundary-layer thickness
must be determined to evaluate Afmax, Fmax, and 7 in the BL
model, as will be discussed below. The turbulent viscosity
coefficient is defined in the same manner as Eq. (8).

One of the problems that has arisen in the implementations
of the Baldwin-Lomax model is some ambiguity in determin-
ing the peak in the distribution of the vorticity function
F(AO-15'16 This is discussed in the Results section. In addition,
some of the constants appearing in the Baldwin-Lomax outer
formulation have been reported to depend on the flow Mach
number.18

Determination of 6
As discussed above, accurate determination of the

boundary-layer thickness is required to implement both the CS
and BL models. When the velocity in the inviscid part of the
shock-layer region of a supersonic flow is not constant, it is
difficult to define the boundary-layer edge in the usual way.
However, the total enthalpy should be constant within the
inviscid part of the shock layer region. For cold-wall cases
where a large total enthalpy gradient was observed within the
boundary-layer region, the definition of the boundary-layer
edge based upon the total enthalpy10 was

6 = min N, where
— -" w

- = 0.005 (15a)

du
(15b)

= *M0.0168)pCc/,Fwake7 (11)

The total enthalpy should increase from its wall value Hw to a
constant value in the inviscid region H^. Truncation error may
cause the total-enthalpy profile to have a local maximum in the
region where the edge of the boundary layer is being sought.
Studies showed that this local maximum in H vanished as the
normal grid was refined. Thus, the search for d using Eq. (15a)
was limited to the region below this peak. Equation (15b) was
used to avoid the possibility of computing a negative 6* when
u has a local maximum inside the boundary layer. The
boundary-layer edge was determined by quadratic interpola-
tion within the discrete total-enthalpy or velocity distribution.

For adiabatic and hot-wall cases where total enthalpy
changes are small within the boundary layer, determination of
the boundary-layer edge becomes more difficult and somewhat
arbitrary. A literature survey that revealed several ways to
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define the boundary-layer edge was discussed by Shirazi and
Truman.30 These criteria include choosing the boundary-layer
edge where 1) the change in velocity is small,11 2) the vorticity
is a small fraction of its wall value,21 and 3) the product of
shear stress and vorticity is small.10 Since each criterion is
necessarily arbitrary, none appeared to be universal. Thus, in
the present work, the boundary-layer thickness for adiabatic
wall conditions was chosen as the value of TV where the local
velocity is 0.95 times the maximum velocity within the shock-
layer region WM, i.e.,

d = N where U/UM = 0.95 (16)

While the factor 0.95 is arbitrary, this criterion is in good
agreement with experimental values from Ausherman et al.22

(case 1) at zero angle of attack and from the windward to yaw
planes at a = 4 deg. This criterion does not, however, give
suitable values for d for cases 2 and 3, which are not adiabatic.
The factor 0.95 is not expected to be universal, even for adia-
batic flows.

Data Used for Comparison
Case 1: Adiabatic Wall, Moo = 3

Ausherman et al.22 made turbulent flow measurements for a
spherically blunted cone at several angles of attack in an adia-
batic Mach 3 flow. Laser-Doppler velocimeter (LDV) mea-
surements of turbulent velocity profiles, turbulent intensities,
and Reynolds stresses were made at a single axial station for
freestream Mach numbers of 3 and 5, meridian angles of 0-135
deg, and angles of attack of 0 deg (case la) to 4 deg (case Ib).
Wall-shear-stress and surface-pressure distributions vs roll an-
gle were measured at five axial stations by a Preston probe and
static pressure orifice, respectively. The boundary layer was
tripped near the blunt nose to ensure a fully turbulent
boundary layer at the model measurement stations. Near-equi-
librium wall temperatures were also measured.

Case 2: Cold Wall, Moo = 5
Widhopf and Hall9 made transitional and turbulent heat-

transfer measurements on a blunt cone with constant wall
temperature at Mach 5. The flow underwent transition to tur-
bulent flow along the sphere without tripping. Data were taken
at several freestream Reynolds numbers and angles of attack,
but did not extend much over the conical portion of the sphere-
cone. Comparisons were made with data at one Reynolds num-
ber and zero angle of attack. The uncertainty of the cold-wall
heat-transfer measurements made with chromel-alumel ther-
mocouples was estimated to be within ± 10%.9

Case 3: Cold Wall, Moo = 8
The AEDC Tunnel B data for the HYTAC sphere-cone

reported by Carver23 includes heat transfer for constant wall
temperature at Mach 8. Boundary-layer trips near the sphere-
cone juncture were used to obtain fully turbulent flows. Cold-
wall heat-transfer measurements were obtained with coaxial
thermocouple surface-mounted gages for 0 deg (case 3a) to 10
deg (case 3b) angle of attack. The uncertainty in heat-transfer
measurements was estimated to be 15%.23

Results
Computation time for a typical turbulent-flow prediction

was approximately 4 x 10~3 s CPU s/grid point on a CDC
Cyber 855. Table 1 shows the freestream conditions and ge-
ometry for each case. A perfect-gas model has been used to
represent the properties of air. The ratio of specific heats of
1.4 and Pr = 0.72 were assumed for all cases. Table 2 lists the
input parameters to the PNS code for the results presented
herein. The normal grid spacing was chosen so that N+ nearest
the wall was allowed to be as large as 1 near the end of the
cone. The exception was case 3 where a smaller grid spacing

was required to resolve the temperature peak near the wall. In
case 3a, the largest N+ near the wall was about 0.3, while in
case 3b it varied circumferentially between about 0.6 and 0.9.
For axisymmetric cases (a = 0 deg), five circumferential planes
were required to implement the grid distribution. The last
column indicates the number of marching steps near the start
in which the pressure gradient was taken to be zero, as dis-
cussed above in the description of the numerical solution.

Case 1: Adiabatic Wall, Moo = 3
Measured and predicted tangential velocity profiles for case

la, in which a. = 0 deg, are shown in Fig. 2. The computed
boundary-layer thicknesses were about 5% of the shock-layer
thickness of about 5.6 in. Results from both turbulence models
show that the tangential velocity was somewhat underpre-
dicted near the wall and only slightly overpredicted away from
the surface. The CS model prediction was marginally better
than that using the BL model, although the differences were
small. The wall temperature and pressure were predicted to
within 1.5% by both models except at the first measurement
station. The eddy viscosity in the CS model was larger than
that in the BL model in both the inner and other regions and
resulted in a larger predicted wall shear stress, as shown in Fig.
3. The CS predictions agreed within 5% with the Preston-tube
data, while the BL predictions were about 15% low. The eddy
viscosity in the inner region was larger in the CS model by as
much as 30% because of the compressible form of the van
Driest damping. For this adiabatic flow, the temperature
through the boundary layer dropped off sharply from its wall
value, which caused the van Driest damping D in the CS model
to be larger (i.e., closer to 1) than D in the BL model. How-

0.4-

1 2
Tangential velocity / a'

Fig. 2 Tangential velocity vs distance from wall at Moo = 3, a = 0
deg, x = 15.6 in. (case la).

o.o

— — — BL pred.

12 14 160 2 4 6 8 1 0
x, in .

Fig. 3 Wall shear stress vs body axis distance from nose at Moo = 3,
a = 0 deg (case la).
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ever, the difference between the predictions of wall shear stress
was primarily due to the eddy viscosity in the outer region,
which was larger in the CS model than in the BL model by
about 50%. Since <5 and Nmax/Q.3 were comparable, the effects
of intermittency were about the same in each model. Thus, the
difference in outer eddy viscosities resulted from the difference
in magnitudes of CcpNmaxFmax in the BL model and d*(VT)e in
the CS model. Neither prediction was sensitive to the intermit-
tency; with 7=1, the predicted wall shear stress increased only
about 1%. This insensitivity resulted because the maximum
outer eddy viscosity was reached before the intermittency be-
gan to have significant effect.

The predictions for the sphere-cone at angle of attack were
similar to those for a = 0 deg, including the relative size of the
eddy viscosity in the CS model to that in the BL model. The
agreement between predicted and measured streamwise veloc-
ity profiles was similar to Fig. 2. Figure 4 shows the circumfer-
ential distribution of wall shear stress near the end of the body
for case Ib (a = 4 deg). The circumferential variation in the
data was much larger than that predicted by either turbulence
model. The CS and BL models underpredicted the shear stress
on the windward side by 14 and 23%, respectively. The shear
stress was overpredicted by the CS and BL models on the
leeward side by 20 and 2%, respectively. A similar comparison
was reported20 for a secant-ogive-cylinder-boattail body at
MO, = 3 and a = 4.2 deg. The Preston-tube measurements of
wall shear stress have an uncertainty of at least 10%31; since
the calibration was made at zero angle of attack,22 greater
uncertainty might be assigned to this data. Reducing the cir-
cumferential grid spacing from A</> = 4-2 deg changed the wall
shear stress less than 1%. No crossflow separation was pre-
dicted.

The crossflow velocity distributions in the BL and CS mod-
els were quite similar. At </> = 90 deg, where crossflow was
largest, the velocity was overpredicted by as much as 40% near
the wall. The magnitude of the crossflow velocity was, how-
ever, only about one-tenth that of the streamwise component.
The variation of pressure coefficient with meridian angle is
shown in Fig. 5. Both turbulence-model predictions were in
good agreement with the experimental data. This demonstrates
that surface pressure is not, in general, a good indicator of
solution accuracy.

Case 2: Cold Wall, Moo = 5
In this case, heat transfer near the sphere-cone tangency

point was significantly overpredicted when Fmax was obtained
by searching throughout the shock layer. A large 7Vmax near the
shock was selected so that (jit)0 was much too large near the
start and in subsequent marching steps. This problem was
eliminated by ignoring points outside the boundary layer in the
search for the maximum in F(N) along each radial ray. The
boundary-layer thickness d determined by Eq. (15) was used to

_ 0.4 - Data, Ref. 22

CS pred.
— — — BL pred.

0 50 100 150 200 250 300
$ , degrees

Fig. 4 Wall shear stress vs meridian angle at MX = 3, a = 4 deg,
x = 15.6 in. (case Ib).

identify grid points outside the boundary layer since 7Vmax was
expected to be smaller than d. This modified BL model was
adopted for all the predictions to prevent the solution of unre-
alistically large 7Vmax and the consequent computation of very
large (/x,)0. The starting solution interpolated from the blunt-
body solution also caused a small oscillation in the normal
distribution of F(N) through the boundary layer. Several local
maxima in F(N) were observed in the PNS starting solution;
the largest was used as Fmax since it was within d. This oscilla-
tion disappeared within the first few marching steps down-
stream of the starting solution.

Heat-transfer predictions that began at the sphere-cone
juncture along with experimental data on the sphere and cone
are shown in Fig. 6. The CS predictions fell within the uncer-
tainty of the data and the BL predictions were about 20% large
than the CS values. The eddy viscosity in the inner region was
about two times larger in the BL model than in the CS model.
This large difference resulted from the van Driest damping,
because the temperature increased to a value about twice as
large as the wall value within the inner region. Downstream of
the starting region the maximum eddy viscosity in the outer
region of the BL model was only about 10% larger than in the
CS model. However, near the start the outer eddy viscosities
were also significantly different. The outer eddy viscosity in
the BL model at S/Rn « 1.8, for example, was about half that

O Data, Ref. 22

CS pred.

150 200
<f> , degrees

Fig. 5 Pressure coefficient vs roll angle at M» = 3, a = 4 deg,
x = 15.6 in. (case Ib).

u Data, Ref. 9
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—• — — BL pred.

—----- BL pred. using D (eq. 4)

0 1 2 3 4 5 6
Dimensionless surface coordinate, S/Rn

Fig. 6 Wall heat transfer rate vs surface coordinate at Moo = 5, a = 0
deg (case 2a).



566 S. A. SHIRAZI AND C. R. TRUMAN AIAA JOURNAL

in the CS model. Predictions using the BL model with the
compressible (CS) form of damping and the CS model with the
incompressible (BL) form are also shown in Fig. 6. These
predictions confirm that the difference between the two mod-
els was almost entirely due to the form of damping used.
Although 7Vmax/0.3 was nearly twice the value of 6, both were
relatively large. Thus, the intermittency in the CS model
caused the eddy viscosity to drop off at a relatively large value
of N. Predictions of heat transfer in the CS and BL models
with 7=1 and y = 1 were only about 2 and 0.2% larger,
respectively.

Case 3: Cold Wall, Moo = 8
Predictions and experimental data for the Stanton number

for case 3a (a = 0 deg) are shown in Fig. 7. The Stanton
number was defined as23

#00 =

heat-transfer rate at the wall (17)

where the enthalpies h(T) are air table values. The difference
between the BL and CS predictions was similar to that in case
2. However, the difference in predictions for case 3a was due
to the intermittency as well as the van Driest damping. The
eddy viscosities in the inner region showed the effects to tem-
perature upon the van Driest damping. The temperature distri-
bution had a maximum very near the wall (N+ « 10) and the
temperature was larger than the wall value throughout the
inner layer. Thus, the inner eddy viscosity in the CS model was
about 25% smaller than in the BL model. Since 7Vmax/0.3 was
about twice the value of 6, intermittency in the CS model
caused the maximum eddy viscosity in the outer region to be
about 30% smaller than in the BL model and to decrease
rapidly at relatively small TV. A CS prediction with no intermit-
tency (7 s 1) is shown for comparison; there was little change
in the BL prediction with 7 = 1. The Stanton number predic-
tions near the end of the body were smaller than the measured
values by about 16 and 8% in the CS and BL models, respec-
tively. Since the maximum temperature occurs at TV + « 10, the
importance of using a small grid spacing near the wall is clear.
The error in predicted heat transfer for TV + near the wall larger
than about 1 was large.

Predicted and measured heat transfer for case 3b (a = 10
deg) are shown in Figs. 8 and 9. As in case 3a, the agreement
between the BL and CS models with 7 = 1 is quite good. The
CS model (with intermittency) performed relatively better
downstream of the starting region than for a = 0 deg (case 3a),
because the outer eddy viscosities in the CS and BL models
were more nearly equal. Specifically, the value of TVmax/0.3 was
only about 50% larger than 6. Figure 8 shows that on the
windward side both the CS with 7 = 1 and BL models show
good agreement with the experimental data. On the leeward
size, however, the Stanton number is underpredicted by about
20% downstream of the sphere-cone tangency plane. The pre-
dictions sharply disagree with the experimental data near the
sphere-cone tangency plane. This is probably due to the predic-
tion of fully turbulent flow beginning at the tangency plane,
while the experimental flow was tripped to turbulence just
downstream of that plane.

The agreement between the measured and predicted circum-
ferential variation in heat transfer near the end of the body
(x = 28.5 in.) was quite good as shown in Fig. 9. The Stanton
number was underpredicted on the windward side at this
stream wise station by 7, 5, and 3% in the CS, BL, and CS with
7=1 models, respectively. The predictions were in good
agreement with the data up to the crossflow-separated region
(</>> 150 deg). Some difficulties arose in determining the outer
length scale (6 or TVmax) in the crossflow-separated region in the
CS and BL models, but not with the CS with 7 = 1 model.
These difficulties (described below) were not affected by re-
ducing the circumferential grid spacing. Furthermore, the esti-
mated location of the primary crossflow separation varied by

no more than 3 deg in predictions with 47, 69, and 93 circum-
ferential grid points in which A</> varied from 4 down to 2 deg.
Secondary and tertiary separation regions were not clearly
resolved with these grid spacings, although Degani and
Schiff16 used a circumferential grid spacing of A</> = 2.5 deg to
resolve the leeward-side vortex structure on pointed bodies at
angle of attack.
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Defining 5 and 7Vmax in the crossflow-separated region was
somewhat uncertain in the CS and BL models. In the CS
prediction, a peak in stream wise velocity developed at about
half the distance computed for 5 using the total-enthalpy crite-
rion [Eq. (15a)]; according to Eq. (15b), the peak then deter-
mined the boundary-layer thickness with a resulting sharp de-
crease in outer eddy viscosity. This effect propagated down-
stream as d became smaller and several local maxima appeared
in the stream wise velocity profile. The circumferential varia-
tion of 5 (and thus <5* and /*,) became somewhat erratic in the
crossflow-separated region. This problem did not arise in the
CS model with 7 = 1. In the BL model, F(N) became quite
large in this region with as many as three peaks within the
boundary layer. The criterion which selected Fmax as the largest
value within the boundary layer resulted in 7Vmax as large as
half the shock-layer thickness so that there was effectively no
intermittency. This coupled with the large 7Vmax and Fmax re-
sulted in dimensionless eddy viscosities as large as 4000. De-
spite the large differences in the eddy-viscosity distributions in
the CS and BL models, the predictions of heat transfer in the
crossflow-separated region were remarkably similar.

Discussion and Conclusions
Parabolized Navier-Stokes (PNS) predictions of turbulent

flow past sphere-cones have been compared with measure-
ments at Mach 3-8. The purpose of this study was to make a
careful evaluation of the algebraic Cebeci-Smith (CS) and
Baldwin-Lomax (BL) turbulence models for attached flow in
the supersonic and hypersonic regimes. While predictions us-
ing the two models were generally similar, some important
differences arose. These differences were primarily due to the
outer-length scale, the inner-layer damping, and the outer-
layer intermittency in the Mach 3,5, and 8 cases, respectively.
Ways have been identified in which these algebraic models can
be implemented in order to significantly improve predictions
of wall shear stress and heat transfer.

The numerical accuracy of the predictions was carefully
established to be within 1%. Grid refinement in the normal
direction determined that extremely small grid spacings were
required, i.e., N+ < 1 near the wall. Moreover, a relatively
large number of grid points was required in the boundary layer
to accurately resolve wall shear stress and heat transfer as well
as to minimize the effects of smoothing. The predictions used
89 grid points in the shock layer, of which 45-60 were in the
boundary layer. Extremely small values of the explicit smooth-
ing parameter were sufficient and no implicit smoothing was
needed. Such stringent requirements were appropriate for this
evaluation of turbulence models, but are certainly not neces-
sary for engineering predictions. Even so, the grid refinements
performed herein may allow an a priori estimate of the trunca-
tion error associated with grid spacing for a particular applica-
tion. For example, in case 3a, using 7V+«1.2 near the wall
with 45 grid points resulted in errors of about 3%; it is clear
that the usually accepted value of N+ «4 near the wall would
be much too large.

Care must be taken in selecting the peak in the vorticity
function F(N) in the BL model, particularly near the start.
Problems in the initial marching steps were observed because
the formation of F(N) requires the numerical differentiation
of velocities interpolated from the blunt-body starting solu-
tion. Moreover, the vorticity function may increase through
the shock-layer region. The selection of the peak in F(N) must
therefore avoid large values outside the boundary layer. Limit-
ing the search for the maximum in F(N) to the boundary layer,
as determined by either Eqs. (15) or (16), was found to resolve
these difficulties. The single exception was for case 3b in the
region of the crossflow separation. A general criterion for 7Vmax
and Fmax in a region of crossflow separation has not yet been
achieved, although for some specific cases15'16 satisfactory re-
sults have been obtained. These problems in identifying the
maximum in the vorticity function suggest that the boundary-

layer thickness must be accurately determined in the Baldwin-
Lomax model just as in the Cebeci-Smith model.

The compressibility factor in the CS form of the van Driest
damping had a significant influence on the inner eddy viscosity
in all cases. This difference between the two models was the
dominant factor in the Mach 5 case, where temperature varia-
tions in the viscous layer were largest. In the Mach 3 and 5
cases, using the compressibility factor resulted in better agree-
ment with the data. In the Mach 8 case, it tended to have a
small, opposite effect on heat transfer, which agrees with the
observations of Bushnell et al.29 for hypersonic flows.

The effect of intermittency was most important for the
Mach 8 case in the CS model. Indeed, in other cases the inter-
mittency had little influence because the boundary-layer thick-
ness 5 or 7Vmax/0.3 was large enough that the maximum eddy
viscosity was not significantly affected. For the CS model
predictions at Mach 8, however, the maximum outer eddy
viscosity increased substantially for 7 = 1. An intermittency
profile that is uniform across the boundary layer (7 = 1) can be
considered a first-order approximation to the intermittency in
hypersonic flow. Sandborn32 discussed measurements at Mach
6.7 and 9.4 indicating that the intermittent outer region ex-
tended over only about 20% of the boundary-layer thickness.
In contrast, the intermittent outer region includes more than
50% of a subsonic boundary layer. This indicates that the
intermittency given by Eq. (7), in which 7 begins to drop off
rapidly about halfway across the boundary layer, is not appro-
priate in hypersonic flow. According to Bradshaw,33 "None of
the other turbulence properties changes as spectacularly as
intermittency" between the low-speed and hypersonic regimes.
Recent measurements by Robinson34 confirm that the fraction
of the boundary layer over which intermittency occurs de-
creases with increasing Mach number. Additional measure-
ments will probably be required before an appropriate inter-
mittency model which accounts for Mach number can be
developed.

Beyond the differences due to the forms of the near-wall
damping and outer-layer intermittency, the outer eddy viscosi-
ties computed by the two models depend largely on the pre-
dicted velocity distributions. The CS model employs an inte-
gral of streamwise velocity to the edge of the boundary layer
to determine the length scale 6* and velocity scale (VT)e. The
BL model uses (approximately) a derivative of the streamwise
velocity profile to form the vorticity function, from which the
appropriate length and velocity scales, 7Vmax and Fmax, are ob-
tained. The numerical derivative of the velocity profile com-
puted at discrete grid points is clearly more sensitive than the
numerical integration of the profile. This is demonstrated by
the ambiguity in defining the peak in F(N).

The present results showed that the Cebeci-Smith model
with the compressibility factor in the near-wall damping was
quite accurate at Mach 3 and 5. Good predictions were also
obtained at Mach 8 when the outer-layer intermittency was
adjusted; this requires further study. The empirical "con-
stants" in the Baldwin-Lomax model, however, appear to
need re-evaluation at supersonic and hypersonic speeds. More-
over, numerical differentiation of the computed velocity pro-
file is unattractive, particularly near starting and in the vicinity
of leeward vortices. Because of their basic similarities, either
model should produce good predictions when properly cali-
brated for supersonic or hypersonic flows. In their present
formulations, however, the Cebeci-Smith model appears to
have more universality.
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